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FRANCIS J. CHUNG 

Abstract. We show that measurements of the Neumann-Dirichlet map on a certain 
part of the boundary of a domain in M^, N > 3, for inputs with support restricted 
to the other part, determine an electric potential on that domain. Given a convexity 
condition on the domain, either the set on which measurements are taken, or the set on 
which input functions are supported, can be made to be arbitrarily small. The result is 
analogous to the result by Kenig, Sjostrand, and Uhlmann for the Dirichlet-Neumann 
map. The main new ingredient in the proof is a Carleman estimate for the Schrodinger 
operator with appropriate boundary conditions. 



1. Introduction 

Consider the Euclidean space R""*"^, n > 2, and suppose is a smooth bounded domain 
in R*^"*"^. Now suppose that q G L°°{Q) is such that the problem 

(-A + q)u = in n 

(1.1) 

d^u = g on dQ 

has a unique solution u E H^(^l) for every g E H^^(d^l). Then q defines a Neumann- 
Dirichlet (ND) map Ng : R-^dn) H^dVl) by Nq{g) = u\dn. 

The basic inverse problem here is whether A''^ determines q. This question is related to 
the corresponding question for the Dirichlet-Neumann (DN) map, which has been studied 
in several papers. Notably, Sylvester and Uhlmann proved uniqueness for the DN problem 
in [13], and Nachman gave a reconstruction method in For the Neumann-Dirichlet 
map, the fact that Ng determines q' is a consequence of the argument in |13j . 

A more difficult question is whether partial knowledge of Ng determines q. In two 
dimensions, this question has been addressed by Imanuvilov, Uhlmann, and Yamamoto 
in ^ for the ND map and in [7] for the DN map. The results of |i7j have also been 
generalized to Riemannian surfaces by Guillarmou and Tzou in [5]. For three or higher 
dimensions, Isakov proved in [B] that subsets of the boundary which coincide with a 
hyperplane or hypersphere may be ignored in the measurements, for both the ND and 
DN problems. 

For more general subsets of the boundary, in three or more dimensions, Bukhgeim and 
Uhlmann in [Ij and Kenig, Sjostrand, and Uhlmann in [10] show for the DN problem, 
roughly speaking, that measurements of the Dirichlet-Neumann map on certain parts 
of the boundary, using input functions whose supports are contained in the other part, 
determine q. Dos Santos Ferreira, Kenig, Sjostrand, and Uhlmann in Knudsen and 
Salo in [H], and the present author in [3] also provide similar results for the magnetic 
Schrodinger equation, with a first order term. 
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In this paper we will prove results analogous to those in [T] and for the Neumann- 
Dirichlet problem. 

At least part of the motivation for studying this question is to understand the case 
of partial data inverse problems for systems of equations, for which multiple types of 
boundary-data-to-boundary-data maps can exist. Examples of these kinds of results can 
be found in work of Caro, Ola, and Salo for the Maxwell equations in [2] and in work of 
Salo and Tzou in [12], for the Dirac equations. 

We can now state the main results. Recall that Q G i?""*"^, where n >2. If 9? is smooth 
in a neighbourhood of Q, define 

dn+ = {pe dn\dMp) > 0} 

dn_ = {pe dn\dMp) < 0} 

where u is the outward unit normal at p. 

Theorem 1.1. Let qi,q2 be in L°°(r2) such that Nq-^ and Ng^ are defined. Let (p{x) = 
Xn+i, and define 9^2+ and with respect to this choice of (p. Now let T C dQ be a 
neighbourhood of dVt^, and Z C dVL be a neighbourhood of dVL_. Suppose 

for all g E H^^(dri) with support contained in Z. Then qi = q2 onVt. 

Theorem 1.2. Let qi,q2 be in L^{Q) such that Nq^ and Nq^ are defined. Let p G W^^-^ 
be outside the convex hull ofQ, and let (p{x) = ±log |a; — p|. Define dQ+ and dQ^ with 
respect to the choice of tp. Now let T C dQ be a neighbourhood of dQ+, and Z C dQ be a 
neighbourhood of dfl_ . Suppose 

Ng^g\r = Ng^glr 

for all g G LI~2(^dQ) with support contained in Z. Then qi = q2 on Q. 

A few remarks are in order. First note that if Q is strictly convex (convex, and tangent 
planes at boundary points intersect the boundary in exactly one point) then Theorem II. 2 [ 
with the choice of = — log |a: — p|, implies that the set on which the Neumann-Dirichlet 
maps are measured can be made arbitrarily small, by proper choice of p, provided the 
input functions are allowed to have support on a large part of the boundary. On the 
other hand, choosing p = + log |x — p| implies that the set on which the input functions 
are supported can be arbitrarily small, provided one can measure the Neumann-Dirichlet 
map on a large subset of the boundary. 

Secondly, note that strictly speaking. Theorem 11.11 can be proved as a corollary of 
Theorem 11.21 by choosing p very far away from Q. However, for the sake of clarity, it will 
be easier to explain the proofs first in the case in which 9? is linear, and then describe the 
proofs for the logarithmic cases in light of this explanation. 

Thirdly, these theorems imply a Neumann-Dirichlet result for the conductivity equation. 
If 7 G C^(f2) is strictly positive, g G H^'i{dVi), and u G H^{Vi) solves 

V ■ (7VM) = in 
ldyu\Q<^ = g 

then we can define A^^ for the conductivity problem as the map sending g to u\q^. If 
= 0, and q = then by a change of variables (see [13]) 

A,(/) = 75Ar,(7^/). 
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Therefore, suppose that 71 and 72 are such that d^'^i = duj2 = and 71 = 72 on the 
boundary of Q. Then if 

for all g E H^^(dri) with support in Z, where T and Z are as in Theorem 1 1 . 1 1 or [L2| then 
71 = 72- 

The partial data results for the Dirichlet- Neumann problem for (—A + q), discussed 
above, apply to the conductivity problem in a somewhat stronger fashion; see [10], for 
example. 

The proofs of Theorem 11.11 and 11.21 rely on a Carleman estimate, which will be stated 
as a theorem in its own right. Let ^ > 0, and for a given choice of (p, define 

Theorem 1.3. Choose Lp to be as in Theorem \1.1\ or M.B. Define and dQ- with 
respect to that choice of Lp, and let T C dfl be a neighbourhood of dQ+ . Let denote 
dfl \ r. Now there exists h^ > such that for all < h < h^, 

(1-2) h\\w\\hir-) + h^\\w\\hin) + h^\\hVw\\hin) ^ \\^q,vM\h(n) 

whenever w G H'^{Q) with 

w, duW = on r 
hdy{e~'f^w) = hae~'f^w on V^. 
for some smooth function a bounded independently of h on Q. 

The constant implied in the < sign is independent of h. For the remainder of this 
paper, inequalities of the form A{h,w) < B{h,w) should be interpreted to mean that 
there exists a constant C > independent of w and h, and a constant h^ > such that 
for all < /i< ho, A{h, w) < CB{h, w). 

Note that the estimate (11. 2p can be rewritten as 

^ll'"^llL2(r'=) + ^^II'^^Hhk^) ~ ll'^g,'^''^llL2(f2) 

where H} is the semiclassical Sobolev space with semiclassical parameter h. For the 
rest of the paper we'll adopt the convention that Sobolev spaces are meant to be the 
semiclassical variety, and express the Carleman estimate this way. For a reference on 
semiclassical analysis, see [13]. 

Theorem 11.31 allows us to construct complex geometrical optics (CGO) solutions to the 
problem (—A + q)u = with Neumann data vanishing on Z'^. We can describe these 
solutions by the following proposition. 

Proposition 1.4. If and Z'^ are defined as in either of Theorems \l.l\ or \l.S\ then there 
exists a solution u G H^{Q) of the problem 

(-A + q)u = onil 
duu\zc = 

of the form u = eT^^~'^~^'^'^\a + r), where i/j and a are smooth functions with bounds in- 
dependent of h; lp is a solution to the eikonal equation V<p ■ Vip = 0, {Vipl = |V(/?|; and 
\\r\\mQ) < 0{h^). 
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In particular, ^ and a are as in the CGO solutions in [T] and [10], for linear and (/9 
logarithmic, respectively. 

The rest of the paper is structured as follows. In Section 2, we'll see how Theorem 11.31 
and Proposition 11.41 are used to prove Theorem 1 1 . 1 1 and Theorem II. 2 [ In Section 3, we'll 
prove an initial version of the Carleman estimate with extra terms on the right hand side 
of the inequality. Sections 4-7 are then devoted to making these extra terms go away in 
the linear case, where i^{x) = x„+i, as in Theorem ll.il In Sections 8-9, we'll see how the 
proof is modified to deal with the logarithmic case, where = ± log |a;— p|, as in Theorem 
11.21 Finally, Section 10 is devoted to the proof of Proposition 11.41 

Acknowledgements The author would like to thank Mikko Salo for introducing him to 
this problem, for sharing the idea behind Proposition 13. H for reading over the manuscript, 
and for several other helpful conversations. This research was partially supported by the 
Academy of Finland. Part of this work was also done at the University of Chicago, and 
here the author would also like to thank Carlos Kenig for his time and support. 

2. Using the Carleman Estimate 



Given the Carleman estimate in Theorem II. 3[ and the CGO solutions guaranteed by 
Proposition II. 4[ the proofs of Theorem 11.11 and 11.21 follow mostly from the arguments 
in [1] and [TOj. First suppose that 

ui = e h (ai + ri) 

is a CGO solution to 

(-A + gi)ui = on 
duUi\z<^ = 0, 
as obtained from Proposition 11.41 Let 

U2 = e ^ (a2 r^) 

be a standard CGO solution to (—A + q2)U2 = 0. Here 02, il>2 and r2 have the equivalent 
properties as for their counterparts in ui, but nothing is guaranteed about the boundary 
behaviour of U2. Details can be found in [13], [10], or [1]. In fact, using the argument 
behind Proposition 2.4 in we can obtain regularity for r2, and ||r2||H2(f7) = 0{h). 
Now define w G H^{Q) to be the solution to 

(-A + q2)w = on 

d,yw\dn = d,yUi\ 



Then 



\dn 



{N,, - N,,){d,ui)d,U2dS 
an 

{ui — w)duU2dS 
an 



{ui — w)Au2dV — I A{ui — w)u2dV 

I {12 - qi)uiU2dV. 
Jn 
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Therefore if Nq^^g = Nq^g on F, for g G H^^{dQ) with support in Z, then 

(2.1) / (mi - w)dyU2dS = I {q2- qi)uiU2dV. 

Jn 

Now ||rj||i2(j^) < 0{h^), so in the hmit as h 0, the right side of (12.11) becomes 

hm / ioo — Qi)e* aittodV. 



Now consider the left side of (12. ip . 



[ui — w)duU2dS 



<h'i\\eh{ui-w)\\L2(j^cyh 2||e '^f'dyU2\\L^{Vcy 



The expression e ^ di,U2 can be written out as 



Since a2 is smooth and bounded independently of h, 

|e~5,,a2 + h~ dy{(p + 2'02)e~a2| = 0{h' ). 

Now since ||r2||i^2(Q) = 0(/i), we have that ||(?jyr2||L2(pc') = 0{h^^) and ||r2||L2(rc) = 0{hi), 
so the expression 

— 1 II i£ 

h 2 ||e"'i(9j,U2||L2(rc) 

3 

is 0{h~2). Meanwhile, 

du{e~heh(ui - w))\rc = d„{ui - w)\to = 
by definition, and ui — w = on T since Ng-^ = Ng^ there, so 

dueh{ui — ui) = 

on r also. Therefore e^(wi — w) satisfies (II. 3p . and so the Carleman estimate applies to 
the first factor: 

\ . '~p '~p 

}i^\e^{ux - ti;)||L2(rc) < \L^^q^e'^{ux - 'w)|U2(n) 

= /i^||eh (-A + q2){ux - 
= h^\\eh{-A + q2)ui\\L2(n) 
= /ileh(-gi + q2)ui\\L'2(n) 
= h 11(^2 - gi)e~(ai + ri)||i2(Q) 

Thus the first factor is 0{h^), and so the left side of (12.11) is 0(/i^). Therefore in the limit 
as /i — !■ 0, (12. ip becomes 



/ .i/'i+V'2 

lim / (g2 - gi)e*~^aia2d\^ = 0, 



and now it follows that q2 = qi from the arguments in PP, in the case that Lp is linear, or 
by the arguments in [lOj, in the case that Lp is logarithmic. Therefore it remains only to 
prove Theorem 11.31 and Proposition II. 4[ 
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3. An Initial Carleman Estimate 
Let h,e > 0, and define 



and 



2 2 



To begin, we'll prove the following Carleman estimate. 

Proposition 3.1. Suppose w G H'^{Q) satisfies the boundary conditions f ll.3p . Then 
h^\\w\\L^(rc) + -^\\w\\H^n) ^ \\^v>,e'^\\LHn) + h^\\hVtw\\L2(Tc). 

Here refers to the semiclassical Sobolev spaces with semiclassical parameter h, and Vt 
is the tangential part of the gradient at dQ. 

Any Sobolev spaces that appear for the remainder of the paper are meant to be the 
semiclassical ones. 

Proof. The proof of this proposition follows the ideas from jl] quite closely, but with 
different boundary terms. We can begin by writing £^ ^ out explicitly as 

£<^,£ = h^A + iVv^cl^ - hAipc - 2Vipc ■ W 
where (fc is the convexified version of f, 

hip' 

Define the operators P and iQ by 

P = h'A + \Vip,\' 



and 



so 



Then 



iQ = —hAipc — 2Vtfc ■ 

C^,e = P + lQ- 



\\^'P,ew\\\2(^^) = ||Pw||i2(f^) + ||(5w||^2(f^) + {Pw, iQw) + {iQw, Pw), 
where (■, ■) denotes the inner product on Q. Integrating by parts, 

ll>Cv,£«^llL2(n) = \\Pw\\l2(^^) + \\Qw\\l2(^a) + ii[P, Q]^^ 

+ {Pw, -2h{dyLpc)w)dvi - h'^idJQw, w)on + h'^iiQw, di,w)an. 

By the argument from 

ll^«'llL2(n) + \\QM\l2(n) + {i[P,Q]w,w) > — Ikllii(f^). 

As a reminder, here indicates the semiclassical Sobolev space. Therefore it remains 
only to understand the boundary term. 

Note that (II. Sp implies that all of the boundary terms vanish on T. On V^, we have 

hd^w = {d^^p + ha)w, 
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SO the boundary terms are 

{Pw, -2h{dyipc)w)dQ. - h?{dyiQw, w)q^ + h{iQw, {dyip + ha)w)oa. 

Now we can choose Ui, . . . ,Un C M"+^ to be an open cover of dQ such that we can 
use boundary normal coordinates on each Um- Then if Xi, . . . , xn is a partition of unity 
subordinate to the cover Ui, . . . ,Un, and = XmW, we can rewrite the boundary terms 
as the sum over m of 



{Pw, -'2h{dyipc)wm)umndVL - h'^{dJQw, Wm)umndn + h{iQw, {d^ip + hG)wm)umr\dQ.- 



Now we can employ boundary normal coordinates in each Um- Let Mg be the hyperplane 
on which Xn+i — 0. We have diffeomorphisms ?7m i->- C R^^^ which map dO, fl Um to 
\4i n IRq) send v to e„+i, and induce a metric Qm on Vm of the form 









1/ 



Then we can write each integral over Um H dVt as an integral over Vm H Mq. If we use 
(/C, (fc-i and a to refer also to their pushforwards under the coordinate map, then the 
last term, h{iQw, {d„ip + ha)wm)umndn, becomes 

-2h{{dn+i^Pc)hdn+iw + {djipc)gm,QhdkW, {dn+i^ + ha)wmam)vmm.^ 
- h^{i^9mVc)w, {dn+i^p + ha)wmam)vmm^- 

The second term becomes 

2h{{dn+iipc)h'^d^+iW + {dj(pc)gm,oh'^dkdn+iw, Wmam)vmnM.^ 
+ 2h{{hdl^^ipc)hdn+iw + hdn+i{djipcgmfi)hdkW, Wmam)vmnR^ 
+ h{h{Ag^(pc)hdn+iw + h'^dn+i{Ag^ipc)w, WmamWmnm^, 

and the first term becomes 

{h'^dl^^w + gll;Qh'^djdkW, -2h{dn+i(Pc)wmam)v^nK^ 
+ (iVg^v^cTw', -2h{dn+i(pc)'Wmam)v,^nR^ 
+ {\gm\~^hdj{\gm\hm,o)^^kW, -2/i(a„+i(^c)w^Om)y^nKg 



Here q refer to the indices of the inverse of gm,o, and the summation convention is used 
from 1 to n. Ag^ and Vg^ are meant to be the Laplace-Beltrami and gradient operators, 
respectively, for the metric Qm, and = ^/\gm\ is the factor generated by the change of 
variables. 
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Adding these together, we get 

- 2h{{djLpc)gmflhdkW, {dn+i^)wmam)vmnR^ 
+ 2h{{dn+i(Pc)h'^dl^^w,Wmam)vmnR^ 

+ 2h{{djLpc)gl^flh^dkdn+iw, Wmam)y„nM[j 

- 2h{h^dl^^w, {dn+i^c)wmam)v,^m-^ 

- 2h{gl^^Qh^djdkW, {dn+iiPc)wmam)v^rw^ 

- 2h{\Vg^Lpc\'^W, {dn+l(pc)Wmarn)Vn,m.^, 

+ {0{h?)w,Wm)vmm^, + ^{0{h^)hdkW,Wm)vmnM.^ + {0{h?)hdn+iw,Wm)vmm^- 

k 

The third and fifth terms cancel, and using the boundary conditions on w, the error terms 
in the last line can be bounded by 

(3-1) C»(/i2)||«;||i2(y^nRj) + 0{h) ^ \\hdkw\\l2^v^r^R^)- 

k 

Now integration by parts, together with the boundary conditions on w, shows that the 
second and fourth terms cancel up to this error as well. Finally, integration by parts in 
the sixth term, shows that it is also bounded by (13.11) . Therefore up to this error, we have 

-2h{{dn+i'f){{dn+i^pf + \'^g^v\'^)w,Wmam)vmnR^- 

Translating back to Um H dQ, we have 

-2h{{d,if){{d,ipf + \V^\^)w,w^)u^ndn. 

up to an error bounded by 

0{h')\\w\\l,^,^^+0{h)\\hVM\hiany 
Adding together the boundary terms for each Um, we have 

-2h{{d,ip)iid,ipy + \\/ip\^)w,w)an 
= -2h{{d,ip){{d,ipy + \Vip\'')w,w)r^ 

plus an error bounded by 

Note that since F is a neighbourhood of dQ+, —{du^p) is bounded below by some positive 
number on F^, so we can write this as 

2h\\,/\dMiid,^y + \'^v\'MW^y 

Therefore the equation 

+ {Pw, -2{hdyipc)w)dn - h'^{d^iQw, w)sn + h'^{iQw, di,w)an. 
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becomes 

\\^^^M\l\n) + h^\\w\\l\v^) + ^II^Vi'«;||^2(rc) 
> —\\w\\m(^n) + h\\^J\dyip\{\Vip\^ + {dyipy)w\\\2^^-^oy 

Since |9j,</9| is bounded below by some positive number on F^, for small enough /i, the 
second term on the left side can be absorbed into the left side to give 

\\i^^M\l\n) + ^II^Vt«;||i2(rc) > — + ^Iklli^cr-)- 
The proposition now follows. 

□ 

4. The Flat Case 

Now we need to make the boundary term on the left side of the inequality go away. For 
the next four sections, including this one, we'll now assume that is the linear weight. 
To differentiate the (p direction from the others, we'll choose coordinates (x, y) on M"+^ 
where x G M" and y G M, and choose </?(x, y) = y. 

In order to understand the basic idea of the rest of the argument, we'll present it first 
in the case where q = 0, is contained in the hypersurface {y = 0}, and 

n C Rl+^ = {(x, y) X R\y > 0}, 

and the function a that appears in ( II. 3p is zero. We'll let Rq denote the boundary of 
R^"*"^. By the methods used to prove Proposition 13. ![ we can get 

(4.1) h^\w\\L2{r-) + h\\w\\m{n) < \\jC^w\\L^n) + h^\\hV^w\\L^r-)- 

for w G H^{Q) satisfying (11. Sp . Now suppose w G C°°{fl) such that w satisfies (11. 3p with 
(7 = 0, and = in a neighbourhood of F. Then we can extend to by to the rest 
of R""*"^ to obtain a function in iS(R""^"'^), defined as the space of restrictions to R""*"^ of 
Schwartz functions on R""*"-^. Then we can write 

Now we can take the Fourier transform in the x variables only. We'll use the notation 
to = to denote the semiclassical Fourier transform of w in the x variables. 

C^w can be written out as 

= h^dyW — 2hdyW + (1 + h'^Ax)w, 
so taking Fourier transforms in the x variables gives 

= {h^dl - 2hdy + 1 - leHu^ 

= (hdy - {1 + mihdy - {1 - 

Let denote the operator obtained by using -0 as a Fourier multiplier. Then we can 
express this as 

C^w = {hdy - Ti+\^\){hdy - Ti^\(\)w. 
Now the operator {hdy — TiJ^\^\) has the property that 

\\{hdy - Tl + |g|)?;||^2(Ig;n + l) ~ |MIh1(M^+1)- 
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(For a proof, see Lemma [5.11 ) Therefore 

\\^'pM\l^rI+^) - IK^^y - ^l-|€|)«'lli^l(IR;+l)• 
By the semiclassical trace theorem (see below), 

Now by (11.31) . w satisfies the boundary condition hdyW = w on Mq. Therefore 

\\{hdy - ri_|g|)u'||L2(]8n) = \\W - Tl_|5|U'||L2(B;n) 

= \\T\iH\L^R^) 

— ll^ll_ffi(]R;f) 

Putting this all together gives that 

^HI'"^lli/i(]R[f) ^ II'^v'^IIl2(r^+1), 

and therefore, by (14.11) . we end up with 

for any w G C°°{Q) satisfying (II. 3p . where = in a neighbourhood of F. A density 
argument then finishes the proof. 

For completeness, we give a short proof of the semiclassical trace formula mentioned 
above, based on Lemma ISTTl 

Lemma 4.1. Let v E S{W^^). Then the map v{x,y) (-> v{x,0) extends to a bounded 
map T : H\Wl+'^) ^^(MJJ) with 

h^\\r{v)\\LHR^) ~ \MhHrI+^)- 
Proof. Suppose v G iS(M"^^). Define a function u on M"^^ by 

uiC,y) = -{Ov{C,o)e-^. 

Then u G L^{Wl+^), with 

(4.2) llwll r2/in,n+l\ < /l2 lltlll 1 . 

V J II IIL^(R_|_ ) ~ II lljy^(-]gn) 

Now 

{u, {hdy - %)t;)jRn+i = {{-hdy - T(^^))u,v)^n+i - h{u,v)Kn. 

by integration by parts. Now by definition of u, we have that {hdy + T(^^))u = and 
— (u,v)^n ~ \\vP 1 . Therefore 

{u, {hdy - %)t;)Kn+i ^ 
Then Cauchy-Schwarz gives 

By Lemma 15. Ij 

Dividing through by ||'u||^2dR"+i-), and using (14. 2p . gives the desired result. 



□ 
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To make this idea work in the general case, we'll first concentrate on the case where 
F'^ is contained in a graph {y = f{x)}, with Q C {y > f{x)}, and V/ is close to a 
constant K. Then we can change variables to flatten out F'^ , and attempt to carry out 
the program above. The change of variables has the effect of perturbing the operator C^, 
so the factoring becomes more delicate, but the argument can still be carried through. 
Finally, these graph estimates can be glued together to give Theorem 11.31 



5. The Operators 

First however, we should introduce a family of operators for use in the linear case. Sup- 
pose F(^) is a complex valued function on M", with the properties that ReF(^) ~ 

Then for u e S{Rl^^), define J by 

M^,y) = iFiO + hdy)ui^,y). 

This has adjoint J* defined by 

J^{^,y) = im-hdy)u{C,y)- 
These operators have right inverses given by 

Jo 

and 

1 POO 

hjy 

Now we have the following boundedness result. 

Lemma 5.1. The operators J, J* , J~^, and J*~^, initially defined on S(W^^), extend 
to bounded operators 

J,. J* : H\Wl-^^) L\mi+^) 

and 

Moreover, these extensions for J* and J*^^ are isomorphisms. 
Proof. Consider J first, and suppose u G 5(M"^^). 

By a density argument, J now extends to a bounded operator J : H'^(W';^^) — )■ L'^iW^^). 
The argument for J* is similar. 
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Now consider J ^. li u & S 



+ )i 



IJ-%I|2 



1 



^ 1 



oo 





dyd^. 



dyd^. 



Then by Minkowski's inequality, 



/ /-OO 



(e,i + y)|V^^^(«^dy dt\ di 



oo \J — oo 



1 \ 2 

2 



Therefore 



1 



\u{i,y)\^dy 



ReF(0 



Similarly, 
Finally, 



~ II"IIl2(m"+1) 



ll^j-^ ^'"IIl2(k:^+^) ~ II^IIl2(r^+1)- 

hdyJ^ = + u 



so 



I/,/) 7-1-,, ||2 < 11^,112 

\ILUyJ "'ll^2(]Rri+l) ^ II"IIl2(R"+1) 



also. Putting all of this together gives 

\\J~^u 



as desired, and a density argument shows that extends to a bounded operator from 

L2(M'^+1) to H\Wl+'^). The proof for J*"^ is similar. 

Now we need to show that the extensions for J* and J*~^ are isomorphisms. To do 
this, note that if m G 5(M++^), then 

J*J*-^u = u, 



and (using integration by parts) 



j*-^ru^u. 



□ 



Then a density argument finishes the proof. 

Note that similar mapping properties hold between ^/'^(R"''"''^) and H'^iW]^^), by the 
same reasoning. 

We'll need to record one more operator fact in this section. 
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Let m,k E Z, with m,k > 0. Suppose a{x, ^, y) are smooth functions on x x M 
that satisfy the bounds 

||9f9^"^X^,e,y)||<C«,/3(l + |eir-l"l 

for all multiindices a and /S, and for < j < fc. In other words, each d^ya{x,^,y) is a 
symbol on R" of order m, with bounds uniform in y^ for < j < A;. Then we can define 
an operator A on Schwartz functions in ]R"+^ by applying the pseudodifferential operator 
on with symbol a{x,^,y), defined by the Kohn-Nirenberg quantization, to f{x,y) for 
each fixed y. More generally, we can also define operators Aj on Schwartz functions in 
■^n+i |-jy applying the pseudodifferential operator on M."' with symbol d^a{x, ^, y) to f{x, y) 
for each fixed y, for 1 < j < A;. 

Lemma 5.2. If A is as above, then A extends to a bounded operator from ff*'+'"(M"+^) 
to H''{W+^). 

Proof Suppose / G 5(M"+i). Since k e Z, k > 0, 

0<\a\+j<k 

Now d^A{f) is a sum of terms of the form 

where ji + j2 = j < k. Therefore ||^/||^fc(]Rn+i) is bounded by a sum of terms of the form 

\\h\'^\+^^-'^^d:Aj,d}f\\l,^^„,,^, 

where \a\ + ji + < k. Then 

< / W'^'^AjA'ffHWK^r.^dy 
Then by the boundedness of Aj^ , this is bounded above by 

which in turn is bounded above by 



/ 



^ ll/ll/ffc+'"(R"+l) 



Therefore 

ll^/ll/ffcCR^+i) ^ II /II (]K"+i)- 

Then a density argument finishes the proof. 



□ 
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6. The Linear Graph Case 

Suppose / G C^(R"'). In this section, we'll examine the case where fl lies in the set 
{y > f{^)}^ T'^ lies in the graph {y = f{x)}. 

Here we can do the change of variables {x,y) t— )■ {x,y — f{x)). Define Cl and F to be 
the images of and F respectively, under this map. Note that {y > f{x)} maps to M""*"^, 
and F*^ maps to a subset of Mq. 

For Q we can obtain the following proposition. 

Proposition 6.1. Suppose w G H'^{Cl), and 

w, dyW = on F 
(6.1) w + Vf- hV^w - haw 

H-lf. = YTWW ■ 

where a is smooth and bounded on Cl. Then 

1 h 1 

^^lkllL2(f-) + -^IHlmin) ^ \\^v,ew\\LHn) + h^\\hVM\mr^) 

where 

4,, = (1 + I V/H/i'aJ - 2(a + V/ ■ hV,)hdy + a' + h^A, 
and a = 1 + ^{y + /(x)). Note that on Cl, a is very close to 1. 

Proof. Suppose w G H^{fl) satisfies (16. ip . Let v be the function on Q defined by v{x, y) = 
w{x,y — f{x)). Then v G H'^{Q), and v satisfies (II. 3p . Therefore by Proposition 13. 

1 h 1 

^^||f ||L2(rc) + —\\v\\Hi(n) < W^v^MIl^q) + h2\\hVtv\\L2{r-)- 

Now by a change of variables, 

ll^llL2(r-) - lkllL2(f-)' 

and 

II WtV||L2(r=) - xW^L-^i^V'^y 

Moreover, 

{C^^sV) (x, y + f{x)) = £<^,j {w{x, y)) + hEiw{x, y) 

where Ei is a first order semiclassical differential operator. Therefore by a change of 
variables, 

||>C^,eV||L2(Q) < \\C^,eW\\L^{U) + h\\'^\\m(n)- 

Putting this all together gives 

h 

For sufficiently small e, the last term on the right side can be absorbed into the left side 
to give 

1 h 1 

^^lkllL2(f-) + ^\\M\m(n) < \\^v,eM\L^(n) + || W^«;||i2(fc) 

as desired. 

□ 



h^\\w\\LHr^) + -^WMln^in) ^ \\^^,ew\\LHn) + h^Wh^MlL^r-) + ^lklli^i(n)- 
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We need to find a way to bound the last term in the inequality by the other terms. 
To do this, we'll split the last term into two separate parts, a small frequency and large 
frequency part. 

To simplify matters, we'll assume for the rest of this section that there are constants 
K G M" and 6 > such that | V/(x) — K\ < 6 for all x such that some (x, y) G Q. 
Now, choose m2 > mi > 0, and /ii and /i2 such that 

\K\ 1 \K\ 



The eventual choice of fij and rrij will depend only on K. 

Define p G Co°°(M'^) such that p(0 = 1 if |^| < /ii and \K ■ C\ < mi, and p(0 = if 
1^1 > /i2 or > m2. 

Now suppose w G such that w = in a. neighbourhood of F, and w satisfies 

(16. ip . We can extend w by zero to the rest of M"'*'"'^, so w E S{W^'^), as in the fiat case. 
Set Ws = TpW and we = {I ~ Tp)w, so w = Ws + we- Then by Proposition 16. 

1 h ~ 11 

(6.2) /i^||«,||^2(Kn) + —\\w\\^,^^n+i^ < ||£^,^u;||^2(K^+i) + /i^lk.lliji(iRn) + \\w e\\ m {R^) ■ 

Now we'll examine each of the last two terms on the right side separately. The next 
proposition will deal with the small frequency term. 

Proposition 6.2. Suppose w is as above. There exist choices o/mi,m2,/ii, and p2, 
depending only on K, such that if 5 is small enough, 

Before proceeding to the proof, let's make some definitions. If y G M", define v4-|-(y, ^) 

by 

, l + ^V■C±^/{l + ^V■0'-{l+\Vm-m 

MV'O = YTW ' 

In other words, A±{V,^) are defined to be the roots of the polynomial 

(1 + \v\^)x^ - 2(1 + iv ■ OX + (1 - lep) 

In the definition, we'll choose the branch of the square root which has non-negative real 
part, so the branch cut occurs on the negative real axis. 

Proof. Now consider the behaviour of A±{K,0 on the support of p, or equivalently, on 
the support of Wg. If > 0, we can choose p2 such that on the support of Ws, 

l-il + \K\')il-\0')<V. 
Then on the support of Wg, the expression 

^l + ^K.O'-il + \K\')il-\e) 

has real part confined to the interval [—K'^ — m^, rj + m^], and imaginary part confined to 
the interval [— 2m2,2m2]. Therefore, by correct choice of rj and m2, we can ensure 

on the support of Wg. This allows us to fix the choice of pi,p2,i^i, and m2. Note that 
the choices depend only on K, as promised. 
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The bounds on A±{K,$,) allow us to choose F± so that F± = A±{K,^) on the support 
of Ws, and ReF±, ~ 1 + |(^| on M", with constant depending only on K. Therefore 
F+ and F_ both satisfy the conditions on F in Section 5. It follows that the operators 
hdy — -F+ and hdy — F_ both have the properties of J* in that section. 

Up until now, the operator C^^^ has only been applied to functions supported in Q. 
However, we can extend the coefficients of £<^^e to M""*"^ while retaining the | V/ — K\ < 5 
condition. Then 

= II ((1 + iV/H/i'aJ - 2(a + V/ ■ hV^)hdy + a^ + h^A,)ws\\L2^^n+i) 
> II ((1 + \Kf)h^d^y - 2(1 + K ■ hV,)hdy + 1 + /i2A,)^i;,||^2(j,.+i) 
— C5||tt;s||j^2(]g"+i) 



for sufficiently small h. Meanwhile, 

(1 + \K\^)ihdy - TF^){hdy - Tf_)ws 

= il + \K\^){h''d^-TF^+F.hdy + TF.F.)Ws. 



Since F± = A±{K,^) on the support of Wg, this can be written as 



(1 + mih'd'y - TA^+A.hdy + Ta^a. 
((1 + \K\^)h^dl - 2(1 + K ■ hV,)hdy + 1 + /i'A,: 



Therefore 

\\^'P,eWs\\L-2(^M!i+^) > \\{hdy - TF+){hdy - rp_)u;,||^2(]Kn+i) - C5||«;J^2(^n+i). 
Now by the boundedness properties, 

\\{hdy - TF+){hdy - TF_)«;Ji2(Kn+i) ~ lks||i^2(Kn+i), 
so for small enough 5, 

||'^<p,eW^s|lL2(Kn+lj > ||w^s||//2(IRn + l). 

Then by the semiclassical trace formula. 
Finally, note that 

||'^¥',e'U^s|lL2(]gn+l) = ||£^,£rpW;||^2(]gn + l) 

< ||(l + |V/|^)-^£^,eT,«;||^2(Mn+i) 

< ||rp(l + |V/n~^£^,eW^||^2(Kn+i) + ||/i^iM;||^2(K:^+i). 

where hEi comes from the commutator of Tp and (1 + | V/p)~^£<^,£. By Lemma [5.21 Ei 
is bounded from H^^R^^^) to L2(M^+1), so 

||'Ci^,e'W^s|lL2(R^+i) ^ \\^'P,£'^\\l'^(M.1+^) + ^\'^\\h^(M.'1+^)- 
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Therefore 
as desired. 

□ 

Now we have to deal with the large frequency term. 

Proposition 6.3. Suppose w is the extension by zero to Rl+^ of a function m C~(0) 
which is in a neighbourhood of T , and satisfies (16. ip . and let wg be defined as above. 
Then if 6 is small enough, 

1 ~ 3 

Proof. Suppose ^ G M". Recall that we defined 

, n/p^ i + ^^-e±V(i + ^^-o^-(i + |v^P)(i-iep) 

^±(^0 YTW? ' 

so A±(y,^) are roots of the polynomial 

(l + |y|2)x2_2(l + ^y.OX + (l-|e^). 

Now let's define 

a + iV-^± ^{a + iV ■ 0^ - (1 + \V\^){a^ - |^|2) 



l + \V\^ 

so A'^{V,^) are the roots of the polynomial 

(1 + \V\^)X^ - 2(a + iV ■ OX + (a^ - \0'). 

(Recall that a is defined by a = l + |(?/ + /(x)).) Again we'll use the branch of the square 
root with non- negative real part. 

Now set C £ C^(]R") to be a smooth cutoff function such that C = 1 if 

\K ■ ^\ < -nil and If I < , ^ ^ H — ui, 

2 2 ^1 + |K|2 2^ ' 

and C = if ■ ^| > mi or |,^| > /xi. 
Now define 

G±{v,o = {i-OA±{v,o + C 

and 

G%{v,o = ii~OA%{v,o + C- 

Consider the singular support of Aj_(V/, f). These are smooth as functions of x and ^ 
except when the argument of the square root falls on the non-positive real axis. This 
occurs when V/ • ^ = and 

2/ «^|V/P 



iei^< 



i + iv/r 

Now for 5 sufficiently small, depending on K, this does not occur on the support of 1 — C. 
Therefore 

G%{Vf,0 = {l-OAl{Vf,0 + C 
are smooth, and one can check that they are symbols of first order on M". 
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Then by properties of pseudodifferential operators, 

(1 + |V/p)(H - 7b^^(v/,o)(H - 7bi(v/,o) 
= (1 + I V/n(/i^5^ - TGe^(v/,0+Gi(V/,0^^2/ + ^G^(v/,OGi(v/,o) + hEi, 
where Ei is bounded from iy^(M++^) to L^(M"+^). This last hne can be written out as 

(1 + \Vf\')h^dl - 2{a + V/ • hV,)hdyn_^T,+^ + {a + h?A,)T^^_^y 
+ hEi+T^2 - 2hdyT^, 
by modfiying Ei as necessary. Now 

Ti_^we = We 

and 

Tt^we = 0, 

so 

(1 + \Vm{hdy - TGs_^ivm){hdy - TGtivw)we 
= C^,sWi - hEiWe. 

Therefore 

-h\\we\\jji(^n+iy 

Now 
and 

^G^(V/,«)-G+(/^,0 

involves multiplication by functions bounded by 0{6), so 
Therefore 

-/?.||wj^i(]gn+i) - 5\\{hdy - 7Gi(v/,o)^^lli?i(M!^+i)- 

Now we can check that ^) satisfies the necessary properties of F from Section 5, 

so 

\\^'P,eWi\\L2(^^n+i^ > IK^Sj/ - 7Gi(V/,0)™^lli?i(lR++') 

-h\\m\\HiiRi+^) - ^\\{hdy - TGe_(yf,^))we\\Hi(Rr^+^)- 

Then for small enough S, 

\\^<p,eWi\\L2Q^n+i) > \\{hdy - 7Gi(v/,^))w^^||/fi(iRn+i) " /^l 1 1 i/1 

> /l^IKH - TGt(Vm)Wi\\L^M.^) - h\\we\\HHs.l+^y 
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Now by (lOD . 



hdyW 



w + V/ ■ hVxW + haw 
1 + lV/P 



on Kg, so 



hdyWe = i^\^f\2 + ^^ow 

on M[}, where Eq is bounded from ^^(R") to L^{W). Therefore 



1 + |V/|^ 



Now 



and 



Therefore 



as desired. 



— h\\Wl\\HT-(M!l+'^) — ||w||L2(]Rn) 

1 3 

\\^'P,e'We\\x^2(^^n + l'j < ||£<^,£'U;||^2(]gn + l) + /l||'U;||^l(ign + l^. 
~ 3 1 



□ 



Now using the resuhs of Propositions 16.21 and 16.31 in (16. 2 p gives 

1 11 11 ^ II II ^ II II z,ll II I,- II II 

\\w\\L2(Rn) + \\w\\^i^^r.+ l^ < 1 1 £^,e 1 1 ^2 + 1 ) + h\\W \\ jjl + + 1 1 10 1 1 ^2 (Rn ) . 



The last two terms can be absorbed into the left side (for small enough h and e) to give 



for w G C°°(n) such that = in a neighbourhood of F, and w satisfies (16.11) . A density 
argument and a change of variables then gives 

(6-3) /i^||w||L2(rc) + -^WwWh^q) < \\^^,eUj\\L2{n) 



for all w G H'^{Q) satisfying (II. 3p . in the case where coincides with a part of the graph 
y = f{x), with |V/ — K\ < 6. Note that the choice of 6 depends ultimately only on K. 
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7. Proof of the Linear Carleman Estimate 

Now we need to remove the graph conditions on V^. Since F is a neighbourhood of 
dQ+, in a small enough neighbourhood U around any point on V^, coincides locally 
with a subset of a graph of the form y = f{x), with QCiU lying in the set y > f{x), and 
|V/ — K\ < 6, where K is some constant, and 6 is small enough for fl6.3p to hold. 

Therefore we can let {Ui, . . . Um} be a finite open cover of Q such that each Q fl Uj has 
smooth boundary, and each fl Uj is either empty or represented as a graph of the form 
y = fj{x), with |V/j — Kj\ < 6j, where 6j are small enough for 

1 h 

to hold for all Vj e H'^{Qn Uj) such that 

Vj,d^Vj = QoYi d{Ujnn)\v^ 

(7.1) 

hdy{e i^Vj) = hae ^Vj on F fl Uj. 

Now let xi, . . . Xm be a partition of unity subordinate to Ui, . . . Um, and for w G H'^{fl) 
satisfying (11. 3p . define Wj = XjW- Then if F'^ fl Uj ^ 0, Wj satisfies (17. ip for some a, and 
so 

i 11 11 ^ II II ^ II II 

^'^\\''^j\\L2{r'=nUj) + —i=\\Wj\\m{n) ^ W^f^eWjWL^^n). 
On the other hand, if F'^ fl Uj = 0, then 

^ II II <\\r II 

just by applying Proposition 13.11 

Adding together these estimates gives 

, m 

1 11 11 ""nil ^ II II 

/i2 ||u;||^2(rc) + —\\w\\m(n) < 2^ WC^^eWjU^n)- 

Now each ||£^^£i(;j||i2(f^) = \\C:^^eXjw\\L^(Q) is bounded by a constant times ||>C<^,£tf ||l2(q) + 
HMlmin), so 

J i II II ^ II II ^ II 

\\w\\L2{r<^) + —=\\w\\Hi{n) ^ \\i~-ip,eW\\L^n) + h\\w\\m(n)- 
The last term on the right side can be absorbed into the left side for small enough e, so 

^^lkllL2(r=) + —^\\w\\m{n) < \\C^,ew\\L^n)- 
Now we can get rid of the e in the operator. Note that if w ^ H'^{Q), satisfies ( 11. 3p . 



2 



then so does e2ew, albeit with a different choice of a. Therefore 



1 ^ h ^ 

h2\\e^w\\L2(r-) + -^\\e^w\\m(^n) < \\e^ C^w\\L2(n), 

and since e 2= is bounded above and below on fi, 

h^\\w\\L^r-) + h\\w\\m(n) < \\C^w\\L2(^^y 
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Finally, 

SO absorbing the extra term into the left side, 

h^\\w\\L2(^rc) + h\\w\\Hi{n) < \\^q,v>^\\L^{n)- 
This finishes the proof of Theorem 11.31 in the linear case. 

8. Logarithmic Operators 

Now we turn to the logarithmic case of Theorem 1 1.3[ First we'll need a set of operators 
for the logarithmic case to parallel those introduced in Section 5 for the linear case. 

Again suppose that F{^) is a complex valued function on M", with the properties that 
|F(^)|,ReF(0 ^ 1 + 1^1- Define M^+^ = {{x,r)\x G M",r > 1}, and define 5(R^+^) to be 
the space of restrictions to R"^^ of Schwartz functions on 

Now for u e 5(M^+^), define JiogU by 

J^ir,0= (^^ + hdr^ M(r,0. 
This operator has adjoint Ji*g given by 



These operators have right inverses defined by 



r / \ — 



and 



JL-M^,0 = h-' I Ht,0{^) " dt. 



To obtain the analog of Lemma 15. we need to introduce the weighted Sobolev space 

4+ J' 



H}(W^t^), whose norm is defined by 



\u\ 



u 



\hdrU\\^^2, 



h. 



-V,.M 



Then we have the following boundedness results. 

Lemma 8.1. Jiog, Jj^g, Jj^g, and J*^^ extend as bounded maps 

and 

Moreover, the extensions of Ji*g and J*^^ are isomorphisms. 



The proof follows the method used for Lemma 15.11 In addition, these operators are 
identical to the ones introduced in [3], and the proof of this theorem is included in full 
there. 
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9. The Logarithmic Case 

Now we can deal with the logarithmic cases of Theorem ll.3[ Let p be outside the 
convex hull of VL. By a change of coordinates on M""*"^, we can assume that p = 0. Then 
fix ^{x) = log |a;|. (We will deal with (p = — log |x| later.) 

As in the linear argument, we examine the graph case first. Fix spherical coordinates 
{9,r) on R"+\ where 9 E S"^ and r G [0,oo). Suppose / : S*" — )■ (0, oo) is smooth, and 
consider the case where Q lies in the set {r > f{0)}, and F'^ lies in the graph {r = f{0)}. 
Note that in these coordinates, (f = logr. 

Following Section 6, consider the change of variables 

(6,r) ^ (e 



m 



This maps Q to a subset of R"'"'"^ \ Bi, where Bi is the unit ball in M""*"^, centred at the 
origin, and maps F*^ to be a subset of dBi. Define Cl' and F' to be the images of Q and F 
respectively, under this map. 

Then from Proposition 13.11 we obtain the following lemma for Q'. 

Lemma 9.1. Suppose w G H^{Q'), and 

w, d^w = on F' 
, „ , w + CVs" log /) ■ hV s"W — haw 

hdrW\pc = J7^ . 

1 + \ Vs" log/P 
where g is smooth and bounded on Cl' . Then 

1 h ~ 1 



where 

K,e = (1 + I log f\')h^d^, - + (V5" log /) ■ hVs^)hdy + 

anda = l + ^\og{rf{e)). 



In order to be able to take Fourier transforms, as in the linear case, we will make one 
more change of variables, using spherical coordinates, to make everything Euclidean. 

Note that the requirement that p = is outside the closure of the convex hull of Q 
means that Q lies on one side of a hyperplace through the origin. Then the same must 
be true of Q' . Therefore we can choose spherical coordinates (r, 6'i, . . . , 6'„) on R"+^ \ Bi, 

Xi = r cos 9i, X2 = r sinOi cos 6*2, ... , Xn+i = r sin 6'i ■ ■ ■ sin 6n, 

such that the change of variables Q' — )■ [l,oo) x (O.tt) x ... x (0,7r) given by taking 
spherical coordinates on (l' is a diffeomorphism on which takes Cl' to a subset of R"^^. 

Define Q and F to be the images of fl' and F' under this change of variables. Note that 
F'^ is now a subset of the hyperplane R" := {y = 1}. 

Now we have the following proposition. 
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Proposition 9.2. Suppose w E H'^{Vl), and 

w, dyW = on r 
(9.1) upi \ ~^ ^(•^) ■ xW — haw 

where (3 and 7 are smooth vector fields on M" such that j3{x) ■ hV x and |7(x)p coincide 
with the coordinate representations ofV ^og f ■ hV s" and |Vsnlog/p, respectively, in a 
neighbourhood of Cl . Then 

1 h ~ 1 



where 

t<P,e = (1 + Yl'^)h^dl - ^(a + ^ ■ hVx)hdy + ^{o? + h^ C) 

and L is a second order differential operator in the x variables only, whose coefficients, 
in a neighbourhood ofQ, coincide with the coordinate representation of As^- 

Now we will restrict the graph conditions on /. Let 6 > and K G MJ^ be constants. 
Suppose that the original domain Q is such that Vs" log / is nearly constant, and in our 
choice of spherical coordinates, 6j are all near |. Then we can suppose that \(3 — K\ < 
S, \7-K\< 6, and - AxM^r^) < SWvWh^r^) for v G H\R^). 

Now as in the linear case, we can choose m2 > nii > 0, and ^1 and /U2 such that 

\K\ 1 \K\ 



and p G C^{W) such that p{^) = 1 if |^| < pi and \K ■ ^\ < mi, and p(0 = if |^| > p2 
or I -ft' ■ 1^1 > "^2. Again we can consider w G C°°(fi) such that w = in a neighbourhood 
of r, and w satisfies (16. ip . We extend w by zero to become an element of 5(M"^^), use 
p to split w into a small frequency part Wg and a large frequency part we, and write out 
the estimate from Proposition 19.21 as 

1 h ~ 11 

(9.2) /i2||«;||i2(Kn) + — ||w||^i(jg„+i) < ||£^,£w||^2(r^>+i) + h'^\\ws\\H^wi) + 

Proposition 9.3. Suppose w is as above. There exist choices of mi,m2, pi, and p2 
depending only on K , such that if 5 is small enough, 

h^\\ws\\H^(^wi) ~ + h\\M\m{¥^l+^)■ 

Proof. We prove this by following the proof for the linear case. For Vi, V2 G M", define 

i + iv,-i±^{i + ■ if - (1 + im2)(i - m 



^±(^1,^2,0 



|2 



1 + 11^2! 

so A±{yi, V2,i) are the roots of the polynomial 

{l + \V2\^)X^-2{l + iV,-i)X + {l-m. 
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As in the linear case, we can pick F± so that F± = A±{K, K,^) on the support of Wg, and 
|F|,ReF~ 1 + |^|. Then 



||'^i^,e'"^s||L2(]Rn+i) > 



2 1 -L h'^A 

r.2 



(1 + \K\')h'd'^ ~-{l + K- hV,)hdr + ] 



-C6\\ws\\h2(r^^ 



n + lN 



Now the operator in the first term does not factor exactly into {hdr—r~'^Tp^){hdr—r~^TF^) 
since the r~^Tp^ terms have r dependence. However, the errors can be bounded by 
/i||tL's||j:^i(-jgn+i-|, SO we can still get 

\\C^,eWs\\L2{wq+^) > \\{hdr - r~^TF+){hdr - r-^TF_)ws\\L2(ri+^~^ - C5\\ws\\H2(ri+^y 
Then 

||>C^,£W^Ji2(Rn+i) > \\{hdr - r-^TF_)Ws\\HH^^..+ i) - C5\\Ws\\H2(M.-+^y 

by Lemma 18.11 Since r is bounded above and below by a constant on 17, and hence on 
the support of Wg, 

||'C^,£W^s||L2(iRn+i) > \\{hdr - r"^TF_)«;s||^i(jjn+i) - C5\\ws\\h2(w:^+^)- 

Similarly, 



> 



for small enough 5. Then 



as before. □ 
Proposition 9.4. Suppose w and W£ are as above. Then if S is small enough, 

1 ~ 3 

Proof. Define (^^.(Vi,!^,^ G±{Vi,V2,^) in relation to ^±(Vi,V2,^) as for the linear 
case. Then as before, we get 

-^lk^ll//i{r/+i) - S\\{hdr - r''^TGt{p,^,^))m\\miR-^+^)- 

> \\{hdr - r-^TGt{Pn,li))^t\\Hl{«l+^) 

-^lk^ll//i(R7+i) - 5\\{hdr - r~^TGt{pa,i))'^i\\m{ri+^^- 



-h\\Wi\\ lJltia-n+l\. 



\\{hdr-r TGt(^,^,^))we\\j^i^^n+i^ 
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for small enough 6. Then by the trace formula, 

\\^ip,eWe\\L2(R^+^) + h\\we\\m(M.'i+^) ~ ^^Wi^'^r - TGt{p,^,^))we\\L^R^)- 
Using the boundary condition from (19. ip gives 

\\^V>,e'^i\\L2(R^+^) + ^lkJ//i(R!^+i) ^ m{R^) " \\w\\ L2(lRny 

Therefore, following the linear case again, we get 

1 ~ 3 

as desired. 

□ 

Putting together fl9.2p . Proposition 19. 3^ and Proposition 19. 4[ plus a change of variables, 
now gives Theorem 11.31 for the logarthmic case, (f = log r, in the graph case, where Q is 
such that \/3 - K\ < 5, {-y - K\ < 6, and ||(£ - Aj:)v\\L2(^n-) < 5\\v\\h2(k") for v G H'^{W). 
Then these estimates can be glued together as in Section 7 to give Theorem 11.31 for 
logarithmic case without graph conditions. 

Now the result for = — log r can be obtained from the result for ip = log r by using 
the change of variables {r,9) i— )■ {r~^,9). Alternatively, using ip = — logr and flipping 
signs as necessary in the proof above gives the desired result. 

Note that in general, if we were to replace (/? with —ip, then the sets dfl+ and dfl^ 
would reverse roles, so Z would take the role of F and Z'^ would take the role of F*^. Then 
we would end up with a proof of the following result, which we will state as a corollary. 

Corollary 9.5. If p> is as in Theorem M.^ and w G H'^{Q) with 

w, duW = on Z 
(9.3) , £ 

hdy[ehw) = on Z"", 

then 

^2 ||u7||l2(^c) + h\\w\\H^n) < \\^q-<pW\\L^n) 

10. Complex Geometrical Optics Solutions 
Now we turn to the proof of Proposition 11.41 First we'll need a lemma. 

Lemma 10.1. For every v G H^^iM."-^^) and f G L'^{dQ), there exists u G L'^{Q) such 
that 

Cq^^u = V on Q 
{hdy - d,y!p)u\zc = f 

and 

WullL^ifl) ^ ^~"^|K'||h-i(K"+1) + ^^ll/l|L2(en)- 

Proof. We follow the methods in |10], but using the Carleman estimate from Corollary 
EH Let v G H~\R''+^) and / G L'^{dn). Suppose w G H^{n) satisfies (E^l), and consider 
the expression 

{w,v)n + {w,hf)Qn. 
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We have 

\{w,v)n + {w,hf)on\ < h\\w\\Hi(Rr^+i)h~^\\v\\H-\R"+^) + h^\w\\L2(^z-)h^\f\\L\an) 

< \\Cq^^^w\\L2(n){h'^\\v\\H-^»^+^) + /i^||/||^2(aQ)), 

with the second inequahty being a consequence of Corollary 19.51 Now consider the sub- 
space 

{Cg^^^w\w e H^{Q) and w satisfies ([93D } C L'^{Q). 

By Corollary I9.5[ the linear functional Cq^^^w i— )■ {w,v)q, + {w,hf)QQ is well defined on 
this space. Then the above estimate shows that it is bounded by C(/i~"'^||f ||j^-i(Rn+i) + 

h^\f\\L2{dn))- Therefore by Hahn-Banach, there is an extension of the functional to the 
whole space L'^{Q) with the same bound. This can be represented by an element of L^(f2), 
so there exists u G L^(f2) such that 

l|w|U2(f7) < h'^\\v\\H-^R^+^) + h^\f\\L2(^an), 

and 

{w, v)n + {w, hf)dn = {Cg-^w, u). 
Integrating by parts on the right side, 

(to, v)^ + {w, hf)dn = {w, Cg^^u)n - h{hd^w, u)on + h{w, hd^u)on - 2h{w, d^ipu)QQ. 

This holds for all w G H'^{Q) which satisfy (19.31) . so in particular it holds for all w G 
C^in). This means that 

on Q. Thus 

{w, hf)Qn = -h{hdyW, u)an + h{w, {hdy - 2duip)u)dn- 
Using the boundary conditions fl9.3p . we get 

(w, hf)z<^ = h{w, {hdy - d^(f)u)zc. 

for all w G H'^{Q) which satisfy fl9.3l) . Therefore 

{hdu - du(p)u\zc = f. 



□ 



Now we can construct the CGO solutions. 



Proof of Proposition 1.4. If ip{x,y) solves the eikonal equations 

V<^ ■ V?/^ = 0, iVt^l = 

and a is a solution to the Cauchy-Riemann equation 

1 

{-Vip + iVi)) ■ Va + -aA(-v? + iip) = Q 

then 

Now consider the problem 

V£ ■ V£ = 
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By using power series and Borel's theorem, we can construct an approximate solution £ 
for X near Z'^ with 

V£ = 0(dist(Z^x)~) 

dui\z'= = -dui-^p + 
This last property also means that 

(10.1) - (Re £(x, y) + ip{x, y)) - dist(Z^ x) 

in a neighbourhood of Z'^. (Similar constructions are used in [TU] and [3].) 
Then we can similarly create an approximate solution for the problem 

V£ ■ V6 - -hM = 
2 

f)|zc = a\z<:, 

so 

V£ ■ V6 - hAi = 0(dist(Z^ a;)°°) 

b\z<: = 0,\z<:, 

Multiplying 6 by a cutoff function which vanishes away from Z'^ does not change these 
properties, so we may as well cut off b to have support inside a neighbourhood in which 
ffTO^ holds. Then 

h\-A + q){eh) = e^(0(dist(a;, E)^) + 0{h^)), 

so 

\h\-A + q){eh)\ = e^e^(0(dist(x, E)^) + 0{h^)) 

Therefore 

ehh[~A + q)e ^ (a + e ^ h) = v 
for some function v with ||f ||L2(n) = 0{h?), and 

ef^hOyC h (a + e ^ o)|z= = 5' 
for some function (7 with ||g'||L2(af7) = 0{h). By Lemma [10. H the problem 

^q,<pro = -V onQ 
{hdu - du(p)ro\zc = -g 

has a solution vq G L^(f2) with ||ro||L2(j^) = 0{h). Then if ri = c^Tq, then ||ri||i2(Q) = 
0{h), and 



on fi, with 



'-A + q)e~f^{a + e~~i^h + ri) = 



(?j,e h (a + e t) + ri)|^c = 



Now note that (110. ip implies that ||e '^fe||L2(Q) = 0{h-2). Therefore we can let r 
e^^^h-^b + ri, and then 

M = e 'I [a + r) 
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is the desired solution. In the logarithmic case, a and ifj are exactly the functions used in 
the CGO solutions in [10]. In the linear case, we can use a = 1, and i(j is exactly as in the 
CGO solutions in [1]. 

□ 
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